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Locating Delaminations in Composite Beams Using
Gradient Techniques and a Genetic Algorithm
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A method of locatingdelaminationswithin compositebeams is presented. The method compares the experimental
natural frequencies and mode shapes of a delaminated beam with those predicted by an analytical model. The
differences are quanti� ed by an objective function, which is minimized using a numerical optimization technique.
When the difference between the analytically produced modal parameters and those measured experimentally is
minimized, the damage is said to have been located. A simple model, based on the static de� ection of a cantilever
beam, is developed to obtain an estimate for the effective shear rigidity of the delaminated area, and this is
incorporated into the dynamic stiffness method. The damage is located using a two-stage optimization process.
First, the differences in the analytical and experimental bending frequencies and mode shapes are minimized by
altering the material properties and boundary conditions of the model. Once the differences have been minimized
for an undamaged beam, damage is located by altering the number, size, and location of delaminations within
the beams. Results are obtained and compared using two different optimization procedures: a gradient-based
optimization procedure and a genetic algorithm.

Introduction

D ELAMINATIONS can cause signi� cant reductionsin the load-
bearing properties of composite laminates and can be dif� cult

or impossible to detect with the naked eye. Hence, nondestructive
testing (NDT) of compositematerials receives considerable interest
in the materials and structures community.

Commonly used NDT techniques include ultrasonic scanning,
transient thermography, and x radiography,which require portable
equipmentand can be slow to use and, therefore,costly.Modal anal-
ysis offers signi� cant advantages over common NDT techniques
such as those mentioned. Modal parameters such as frequency and
damping measurements can be made at one point of the structure.
Therefore, a time-consumingscan of the whole structure is not nec-
essary. For this reason, a number of modal NDT techniques have
been developed (for example, see Ref. 1). Many of the methods
foundin the relevantliteratureuseoptimizationtechniques,although
most model damage as reductionsin stiffness or mass.2;3 Relatively
few researchers have concentratedon delaminations.4

This paper presents a method of detecting and locating delam-
inations within laminated composite beams, using experimentally
obtained frequenciesand mode shapes. In this method, the dynamic
stiffness method (DSM) is used to model the free vibration of the
laminates.5 First, the model of the undamaged laminate is compared
to the behavior of undamaged beams found experimentally, and a
numerical optimization technique is used to update the model. This
accuratelydeterminesthematerialpropertiesandsupportconditions
of the cantilever. The beam is then damaged, and the experimental
vibration of the beam is measured. The damage is then located us-
ing either a gradient-based optimizer or a genetic algorithm (GA)
to vary the location and size of the delaminations in the model un-
til the differencebetween the experimental response and analytical
prediction is minimized. A delamination is assumed to affect only
the shear rigidity of the beam, and, hence, only the bending modes
of vibration are used in this process.

This paper outlines the theoretical model of a delaminated beam
and the methods used to locate delaminations using two numerical
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optimizers.Finally, the methods are applied to locate delaminations
within experimental composite beams.

Theory
Delamination Model

The DSM is used to model the freevibrationof a sheardeformable
compositebeam with bending– torsioncoupling.5 The DSM follows
from the exact solutions of the governing differential equations of
motion of the beam. Because the beam is assumed to have a con-
tinuousdistributionof mass and rigidity along its length, an in� nite
number of degrees of freedom are allowed for. Therefore, as many
naturalfrequenciesas desiredcan beobtainedwithout increasingthe
numberof elements in the model. This is in contrast to � nite element
(FE) methods, which discretize the model by lumping distributed
masses at nodes. Only a � nite number of modes of vibration can be
obtained, this number being the number of degrees of freedom of
the model. In addition, an FE solution becomes more inaccurate for
higher-order modes, and increased accuracy can only be obtained
by increasing the number of nodes of the structure, which increases
the analysis time. Therefore, the DSM is much more suitable to
numerical optimization, which requires repeated calculation of the
dynamic properties of the structure.

To apply theDSM, a beamis splitup along its length into elements
with known material and geometric properties. A delaminated ele-
ment is assumed to have a reduced shear rigidity. The shear rigidity
of a delaminated section is calculated using a static beam model.

In the static beam model, a delamination is modeled as two or
more beams stacked on top of one another, with rigidly connected
endfaces. This, therefore, represents a beam with full-length and
full-width debonds running parallel to the Y axis. The reduction in
shear rigidity is calculated via a tip-loaded cantilever beam, which
has constantshear force actingalong its length.Figure 1 shows such
a beam with n–1 delaminations,giving sublaminates 1 through n.

From the free body diagram in Fig. 1, resolving horizontallyand
takingmomentsabout theneutralaxisof theundelaminatedlaminate
for points 1 and 2 gives
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Fig. 1 Delaminated beam section of length ld with tip load W .

The bending moment varies linearly with distance along the lam-
inate, that is, M D M1 ¡ Sy, and the shear force remains constant
alongthe beam, that is, S1 D S2 D S. Therefore,Eq. (2) can be rewrit-
ten as
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Under the assumption that the shear de� ection within sublaminates
is negligible, the bending de� ection and gradient of each sublami-
nate at point 2 is calculated using engineers bending theory:
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where EI refers to the bending rigidity, and K B A refers to the
bending–extension coupling constant arising from unsymmetric
laminates. All other variables are de� ned in Fig. 1. The bending–

extension coupling constant is calculated as

K B A D b22=c (6)

where b22 is an element of the sublaminate compliance matrix and
c is the beam width.6

When the de� ections and gradients calculated in Eqs. (4) and (5)
are equated and Eqs. (1) and (2) are used, an equation for the shear
force acting on any one sublaminate can be derived:

S j D
.E I / j S
n
i D 1.E I /i

; j D 1; : : : ; n (7)

To � nd the bending moment acting on the sublaminates, the force
needed to alignthe endfacesof each sublaminatemust be calculated.
The displacement needed to align each face 1 is dependent on the
gradientat its end (see Fig. 2), giving,for two adjacentsublaminates,
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where EA refers to the sublaminate axial stiffness. Therefore,
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By substitutingEq. (4) into Eq. (9) and simplifying, this gives the
force necessary to align the endfaces:

Fig. 2 Endfaces of two sublaminates i and i ++ 1, showing difference in
lengths due to gradient.
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With this equation, and by the substitution of Eqs. (4), (5), (7),
and (1), an expression for the moment acting at the root of any
sublaminate can be found:
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With these results, the tip de� ection due to the bending of the de-
laminated beam (±bdelam ) is now calculated.With reference to Fig. 3,
it is assumed that the difference between the bending de� ection
of the delaminated beam and the equivalent undelaminated beam,
±bno-delam , is due to the loss in stiffness caused by delamination.The
shear de� ection of the undelaminatedbeam ±sno-delam is now also in-
cluded,whichensuresthe correctvaluefor ±sdelam as thedelamination
approachesthe top or bottom surface of the laminate (and, hence, as
±bdelam approaches±bno-delam

). The de� ection of the delaminatedbeam
due to shear, ±sdelam , is, therefore, de� ned as

±sdelam D ±bdelam ¡ ±bno-delam C ±sno-delam
(12)

When the standard result for the shear de� ection of a tip-loaded
cantilever beam is applied as found in many reference books (see,
for example, Ref. 7), an approximate value for the effective shear
rigidity of the delaminated section is given by

.AG/0 D 8
15

Sld k2±sdelam (13)
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Fig. 3 Comparison of delaminated and undelaminated de� ected
shapes for a tip-loaded cantilever.

where k is the shear correction factor for the cross section (which
for a rectangular cross section is 2

3
) and .AG/0 is the reduced shear

rigidity.The bendingrigidity,torsionalrigidity,and bending– torsion
couplingneeded in Eqs. (1–5) are calculatedusingwell-knownclas-
sical laminate analysis, together with the high aspect ratio plate
model formulated by Weisshaar and Foist.8 The torsional rigidity is
assumed to be unchangedby delamination, and is, therefore, calcu-
lated for the undelaminatedcross section. This limiting assumption
means that only the bending modes of vibration can be used in the
damage location procedure and that the bending–torsion coupling
of the laminate must be small.

Because the calculation of shear rigidity is based on the static
de� ection of a delaminatedbeam, no account has been taken of the
nonlinearity of the dynamic motion of a delaminatedbeam. This is
due to the differential stretching effect of the sublaminates as the
amplitudeof vibrationalters and is more apparentfor delaminations
creating sublaminates with high slenderness ratios.9 The static ap-
proximation outlined in this paper is, therefore, more suitable for
small delamination sizes or thick laminates.

Optimization: Structural Characterization
The � rst stage in locating damage within the laminate involves

updating the initial undamaged DSM model so that it accurately
describes the dynamic behavior of the system. This is achieved us-
ing the modi� ed method of feasible directions (MMFD) within the
program DOT, with the sensitivities calculated internally using for-
ward differences.10 The optimization problem is formally stated as
follows.

Minimize the objective function:

O.X/ (14)

subject to the inequality constraints

G j .X/ · 0; j D 1; : : : ; ncon (15)

and the side constraints
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i · X i · XU
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The objective function gives a measure of the � tness of the design
and is de� ned as
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where !i .X/ are the n f natural frequencies calculated using the
DSM for a particular vector of design variables X and !¤

i are the
experimental frequencies.The constants® and ¯ are suppliedby the
user to ensure a well-conditioned objective function. Also, Ái j .X/
and Á¤

i j are the equivalent mode shapes de� ned at n p points along
the beam.

It is assumed that the material properties supplied initially can
be changed by 50% of their original value by the optimizer, so
that the � rst nine design variables give the updated nine mutually
independentmaterial properties of a ply, as follows:

Eq
1 D [1 C 0:5.2X1 ¡ 1/]E1; Eq

2 D [1 C 0:5.2X2 ¡ 1/]E2
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º
q
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q
31 D [1 C 0:5.2X6 ¡ 1/]º31

Gq
12 D [1 C 0:5.2X7 ¡ 1/]G12; Gq

13 D [1 C 0:5.2X8 ¡ 1/]G13

Gq
23 D [1 C 0:5.2X9 ¡ 1/]G23 (18)

where the superscript q refers to the updated value for iteration q.
The boundary conditions at the root of the cantilever beam are

modeled as three springs, with vertical displacement h, bending
angle µ , or torsional angle Ã freedoms. The spring constants are
given the values kh , kµ , and kÃ , respectively.Each stiffness constant
was allowed to vary from a valueof 1 to 1 £ 109, usinga logarithmic
scale, as follows:

kq
h D 109X10 ; kq

µ D 109X11 ; kq
Ã D 109X12 (19)

In all tests, the problem had no inequality constraints, removing
Eq. (15).

Optimization: Detection of Delaminations
Once the analytical model of the undamaged beam matched the

experimental data, the beam was damaged, and a numerical opti-
mization technique was used to locate the damage.

The objective function for this process is the same as for the
structural characterizationstage, de� ned in Eq. (17).

The de� nitionof thedesignvariablesis dependentonwhich of the
optimization techniquesare being used. For the MMFD, the design
variablesare the length and locationof the delaminations.The num-
ber of delaminations and the position of the delaminations through
the thickness of the laminate must be speci� ed at the beginning of
the optimization. This is because these variables can only take a
� nite number of values, that is, they are discrete design variables.

With reference to Fig. 4, if there is only one delamination, the
design variables are

X1 D la=l; X2 D ld =l (20)

The design variables are encoded such that, effectively, the lower
bound of the design variable ensures that the delamination starts
after Y D 0:

X L
1 D X2=2 (21)

Also, an inequalityconstraint ensures that the sum of the delamina-
tion length and the location of the delaminationdoes not exceed the
total length of the beam:

G.X/ D .X1=2/ C X2 ¡ 1 · 0 (22)

An optimization run is carried out for each vertical ply locationand
where appropriate for each chosen number of delaminations.

The GA used in this research is the program GENESIS.11 This
is designed to allow a user-de�ned subroutine to be the evaluation
function. If the GA is being used, the number and vertical posi-
tion of the delaminations need not be speci� ed at the beginning of

Fig. 4 Cantilever beam with a single delamination.
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the optimization. This is because the design variables are encoded
as a binary gene, which is inherently a discrete value, the desired
numerical accuracy of the solution de� ning the length of the gene.

Hence, a third design variable,which de� nes the vertical position
of the delamination,can be speci� ed. Again,with referenceto Fig. 4,

X3 D lb=d (23)

Similarly, the number of delaminations and the extra design vari-
ables necessary to de� ne them can be encodedsimply by increasing
the size of binary gene to include the extra information.

To ensure that the sum of the delaminationsize plus the delamina-
tion location is not larger than the lengthof the beam,a penaltyfunc-
tion was introduced.This performsthe same functionas the inequal-
ity constraint in the gradient-basedoptimization,but is achieved by
adding terms to the objective function when the design is in an un-
feasible region. For a single delamination, the objective function
becomes

O 0.X; r/ D O.X/ C P[G.X/] (24)

where the prime denotes the transformed objective function. The
penalty function P[G.X/] is a quadratic loss function, given by

P[G.X/] D r.maxf0; G.X/g/2 (25)

where r is a scalar chosen by the user and G.X/ is the constraint
given in Eq. (22).

Experimental Methodology
To assess the effectiveness of the damage detection methodol-

ogy, a series of experimental tests for composite cantilever beams
with simulated delaminations, created by inserting thin strips of
PTFE � lm between layers during the manufacturing process, was
carried out. The beams were manufactured from Hexcel Fiberdux
T300/913C carbon-�ber/epoxy laminate with a nominal volume
fraction of 60%, giving material properties of

E1 D 138 £ 109 Pa; E2 D E3 D 9:65 £ 109 Pa

G12 D G13 D 1:07 £ 109 Pa; G23 D 5:35 £ 108 Pa

º12 D º13 D º23 D 0:263

½ D 1787 kg=m3; tply D 0:125 mm

The manufactured length of the beams was 400 mm, so that the � rst
100 mm of each beam could be clamped between two steel plates
using four bolts. The steel plates were then secured to a steel table
using a G clamp. The beams, therefore, had an exposed length l of
300 mm, a width b of 50 mm, and a nominal thickness d of 1 mm.

Table 1 shows the laminate geometry of the beams and the size
and location of the delaminations. One undelaminated beam was
also manufactured for each layup.

An accelerometer with a frequency range of 0–600 Hz (Entran,
Ltd., EGA-125-50D) was attached to one point of the beam with
wax, after ensuring that the accelerometer did not lie on a nodal
point of any of the modes. This measured acceleration in the Z di-
rection.The beams were excitedwith an impact hammer at different
excitation points. Each point was excited three times, and an aver-
age was taken. The vertical impact force was measured with a force
transducer(Brüel andKjær; B andK 8200), and this force signalwas
used to trigger the recording of the data. The data were recorded us-
ing a Data Physics CorporationSignalCalc Ace frequencyanalyzer,

Table 1 Description of the experimental beams

Case Layup, deg X1 X2 X3

1 [0, 90]2;s 0.49 0.167 0.5
2 [0, 90]2;s 0.62 0.167 0.5
3 [0, §45, 0]s 0.49 0.167 0.5
4 [0, §45, 0]s 0.62 0.167 0.5
5 [0, §45, 0]s 0.117 0.167 0.5
6 [0, §45, 0]s 0.117 0.167 0.25

and a frequencyresponse function (FRF) was derived.A diagramof
the clampingarrangementand the experimentalequipmentis shown
in Fig. 5.

OnceanFRF was obtainedfor each point, the commerciallyavail-
able package Star System used a curve � tting process to determine
the frequency and peak amplitude for each of the points.12 With
the gain and phase information for each of the points, an animation
could then be produced for each natural frequency, from which it is
possible to ascertain the type of mode being displayed.

Results
Experimental Results

Table 2 shows the � rst four bending frequencies of the undelam-
inated beams. These were obtained from the average of the results
from � ve tests.

A useful way of comparing mode shapes is the modal assurance
criterion (MAC), which is a scalar quantity. When comparing a
mode shape i with mode shape j , the MAC is de� ned as13

MAC D
T
i j

2

T
i i

T
j j

(26)

where i and j are the mode shapes of mode i and j , respectively,
and the superscript T denotes vector transposition. A MAC of 1
denotes a perfect correlation between two mode shapes, whereas a
MAC of 0 signi� es no correlation.

Table 3 shows the average of the experimental bending frequen-
cies normalized with respect to the averageundelaminatedfrequen-
cies N! for delaminated cases 1, 2, and 3 and the MAC for each
modewhencomparedto theequivalentundelaminatedmodeshapes.
Table 4 shows the equivalent results for cases 4, 5, and 6.

The greatest drop in natural frequency occurs when the delami-
nation lies in a location of high shear force in a particular mode.14

Figure 6 shows the frequencydrop for a 1 £ 0:1 £ 0:01 m aluminum
beam with a 15% delamination (X2 D 0:15, X3 D 0:5), produced by
the DSM. It can be seen that for a cantilever beam, the greatest fre-
quency drop occurs near the root for all of the modes and at regions

Table 2 Undelaminated beam bending frequencies

Layup [0, 90]2;s , deg [0, §45, 0]s , deg

1B/[Hz] 14:45 § 0:38 14:20 § 0:12
2B/[Hz] 91:28 § 0:29 88:25 § 0:17
3B/[Hz] 250:79 § 0:81 242:58 § 1:33
4B/[Hz] 486:03 § 1:48 482:12 § 1:85

Table 3 Normalized bending frequencies and MAC
for cases 1–3

Case 1 Case 2 Case 3

Mode N! MAC N! MAC N! MAC

1B 0.92 0.98 0.97 0.97 1.00 0.88
2B 0.95 1.00 0.99 0.99 0.99 1.00
3B 0.85 0.92 0.96 0.99 0.99 0.99
4B 0.95 0.98 0.85 0.83 0.98 1.00

Fig. 5 Schematic arrangement of experimental beams.
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Table 4 Normalized bending frequencies and MAC
for cases 4–6

Case 4 Case 5 Case 6

Mode N! MAC N! MAC N! MAC

1B 0.96 0.98 0.97 0.98 0.97 0.99
2B 0.99 0.99 0.95 1.00 0.93 0.98
3B 0.99 0.98 0.93 0.99 0.91 0.99
4B 0.97 0.97 0.92 0.97 0.89 0.98

Fig. 6 Normalized bending frequencies for an aluminum beam with a
delamination at different axial locations.

of high change in curvature.In the case of the experimentalbeam re-
sults, a signi� cant frequencydrop can be seen for some cases, most
notably the third bending mode for case 1 and the fourth bending
modes for cases 2, 5, and 6.

The MAC also show that the mode shapes have been affected for
these modes, although less so than for the natural frequencies.There
is also more experimental scatter on the individual points of the
mode shapes, due to the dif� culty of achieving a high repeatability
of impacts during the modal testing.

A higher error was also noticed for the fundamental bending
mode. This is because the natural frequency of the fundamental
mode is low compared to the frequency range of the experiment,
causing errors due to low resolution.

Structural Characterization
In the structuralcharacterizationstage, experimental frequencies

and mode shapes for the undamaged beams are used to quantify
the material properties and boundary conditions. It was envisioned
that, for this stage, the structure would remain � xed to its support
during its life and that any damage would occur in situ. However,
because the delaminationswere produced arti� cially, the boundary
conditions change for each beam and, therefore, between the un-
damaged and damaged cases. Hence, the structuralcharacterization
was carried out only for the undamaged [0, 90]2;s deg beam, and
it was assumed that the material properties and support stiffnesses
remainedsimilar throughoutthe remainderof the experimentaltests.

The objectivefunctionwas formulatedwith ® D 1:0 and ¯ D 50:0,
which meant that the frequency and mode parts of the objective
function were approximately the same size at convergence. Also,
the mode shapes were quanti� ed at � ve (n p D 5) points, which were
20, 40, 60, 80, and 100% along the length of the beam. Because of
the uncertaintyof the accuracy of mode 1, a weighting factor of 0.8
was used on this mode.

After the optimizationrun, the � nal values of the design variables
were

X7 D X8 D X9 D X10 D 1:0 .upper bounds/

X3 D X5 D X6 D 0:5 .unchanged/

X1 D 0:64; X2 D 0:39; X4 D 0:63; X11 D 0:75

X12 D 0:56 .unchanged/

Table 5 Initial and � nal optimizer
frequencies for the [0, 90]2 s , deg beam

DSM frequency, Hz

Mode Initial Final

1B 14.01 14.92
2B 87.46 93.16
3B 235.86 251.15
4B 432.36 460.24

To increase the frequencies closer to the experimental values,
Young’s modulus in the � ber direction (X1 ) had increased, as well
as the two spring constants in the bending direction kh and kµ (X10

and X11 ). The shear moduli G13 and G23(X8 and X9 ) also increased
to their upper bounds, increasing the shear rigidity of the 0- and
90-deg layers. The major Poisson’s ratio also increased, increasing
stiffnessof the laminate, although this effect is small. Because there
is no bending– torsion coupling for this laminate, it is unclear why
G12(X7 ) increased.

Because the experimental torsion modes were not included in
the objective function, the torsional spring constant remained un-
changed throughoutthe optimization.The two springsstiffnessesin
the bendingdirections,however, increased,showing that the clamp-
ing arrangement stiffness was suf� cient to justify the cantilever
beam assumptions. It was, therefore, decided to use spring con-
stant values of 1 £ 109 N/m, 1 £ 109 Nm/rad, and 1 £ 109 Nm/rad
for kh , kµ , and kÃ , respectively(effectivelycantileverboundarycon-
ditions), and to carry out the characterizationprocess again with the
spring stiffness values constant.

The initial and � nal frequencies with the boundary conditions
constant are shown in Table 5, showing a better correlationwith the
experimental frequencies given in Table 2.

Note that the � nal material properties obtained by this procedure
may not be the actual material properties. The updated material
properties are used to reduce the errors in the analytical model and
may be accountingfor de� ciencies in the model. For instance, there
may be some anticlastic bending in the experimental beams, which
increases the effective stiffness of the beams, and would be inter-
preted as a higher bending stiffness by the optimizing procedure.

Locating Delaminations Using a Gradient Technique
With the characterized material properties, the frequencies and

mode shapes were then used to locate the delaminations using the
gradient-basedoptimization procedure.Because locating a delami-
nation is a discrete optimizationproblem, an optimization run must
be carried out for every ply location and the minimum objective
function used to denote the correct location. To simplify this pro-
cess, it was decidedthat thenumberof possibledelaminationswould
be restricted to one. For the eight-ply laminates used, restricting the
number of possible delaminations to one means that the optimizer
must be run seven times.

For cases1–6, and using the new materialproperties,the gradient-
basedoptimizationmethod was applied to each layer.To ensure that
a global minimum was found for each case, three starting positions
were used. These were X1 D 0:25, X2 D 0:3; X1 D 0:5, X2 D 0:3;
and X1 D 0:75, X2 D 0:3. The optimizercontrolparametersand con-
stants used to derive the objective function were identical to those
used for the characterizationstage.

It is helpfulto visualizethedesignspaceof theproblem,anda two-
dimensional representationis possible if the problemis restricted to
two design variables.If the starting Z positionof the (single) delam-
ination is speci� ed at the beginningof the optimization,the problem
remains relativelysimple and can be shown graphically.When mul-
tiple combinations of delamination size and horizontal location are
tried, lines of constant objective function can be calculated. This is
shown for case 1 in Fig. 7. It appears from Fig. 7 that the objective
function is much more in� uenced by the size of delamination X2

than its position X1 because the gradient in the objective function
is much steeper for this design variable. This is because the shear
rigidity is a function of the inverse of the square of the delamina-
tion length, so that the shear rigidity drops sharply with increasing
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Table 6 Final optimizer solution of delamination location and size,
created by the gradient-based optimizer method

Objective
Case X1 (difference) X2 (difference) X3 (difference) function

1 ¡0.025 0.006 0.0 138.2
2 ¡0.073 ¡0.001 0.0 57.9
3 ¡0.085 ¡0.054 ¡0.375 23.4
4 0.064 ¡0.050 ¡0.25 27.3
5 0.027 ¡0.030 ¡0.125 21.8
6 0.086 0.063 ¡0.125 31.6

Fig. 7 Two-dimensionaldesign space created by a single delamination
(case 1).

delaminationsize. Note from Fig. 7 that there are three pointswhere
the objective function is locally at a minimum.

Also shown in Fig. 7 is the variationof the objectivefunctionwith
iteration,startingfrom the three initial delaminationlocations,using
DOT. For two positions,the delaminationhas been located to within
5% of its actual location and 4% of its size. However, for the third
starting position, the delamination has not been located accurately.
This shows that care must be taken to ensure that a global optimum
is located when using the gradient-basedoptimizing procedure.

Table 6 shows the � nal results for the six experimental cases,
in terms of the difference from the actual result. The difference is
calculated by

X i .difference/ D X i .optimized/ ¡ X i .experimental/

i D 1; : : : ; 3 (27)

Because the laminates have eight plies, these results are obtained
by � nding the lowest value of objective function from running an
optimization starting at each of the seven-ply interfaces.

Overall, the differencesin the horizontal location X1 and delami-
nation size X2 remained reasonablylow, but the vertical location X3

was not located well. The delamination size was also consistently
underestimated for cases 3–5, and this can perhaps be attributed
to resin leakage during curing, reducing the delamination size.
On average, it took approximately 700 function calls to locate the
damage.

Locating Delaminations Using a GA
Table 7 shows the best solution of delamination size and location

for the experimental damaged beams produced by the GA. To pro-
duce these solutions, a gene containing the three design variables
encoded to four decimal places was used, giving a gene of 23 bits in
length. The control parameters were population size D 40, proba-
bility of mutation D 0.001, and probabilityof crossover D 0.8. The
scaling window was the preceding � ve generations.

Note that in most cases theGA has resultedin delaminationsbeing
locatedwith betteraccuracythan thegradient-basedmethodbecause
it is a global search routine. The GA has consistently produced

Table 7 Final optimizer solution of delamination location and size,
created by the GA

Objective
Case X1 (difference) X2 (difference) X3 (difference) function

1 ¡0.024 0.006 0.0 138.2
2 0.029 0.054 ¡0.375 59.9

(0.008)a (¡0.010) (0.0) (4.0)
3 0.363 ¡0.056 ¡0.125 15.3

(¡0.099) (¡0.074) (¡0.25) (0.3)
4 0.157 ¡0.023 ¡0.375 23.0
5 0.003 ¡0.006 0.0 10.3
6 0.098 0.048 ¡0.125 25.4

aParentheses indicate that no mode shapes were used in the optimization.

a value of objective function that is less than (or approximately
equivalent to, in cases 1 and 2) those produced by the gradient-
based algorithm. This is especially noticeable for case 5, when a
much better solution has been found by the GA.

However, note that, for X2 and X3 for case 2 and X1 for cases
3 and 4, the GA has converged to a worse solution than did the
gradient-basedmethod. In these cases the gradient-basedoptimizer
had bene� ted from a local minima caused by starting very close
to its � nal position. However, the objective functions produced by
the GA are lower than (cases 3 and 4) or equivalent to (case 2)
those produced by the gradient method, showing that, in fact, the
GA solutions are probably the global ones. For these cases, the
optimization was also run without the mode shapes in� uencing the
objective function. A much better solution was found for case 2,
as was a better solution for delamination position for case 3 (also
shown in Table 7), showing that the errors in the solution were
caused by the signi� cant errors inherent in measuring experimental
mode shapes.

This increasein accuracyobtainedby using the GA has, however,
been achievedat the expenseof ef� ciency. On average, the GA took
approximately 1500 function calls to achieve a solution.

Conclusions
An analytical model of a delaminated beam has been developed.

This uses the DSM to produce the undamped frequenciesand mode
shapes of a delaminated beam. The delaminated area is assumed
to be modeled by a reduced shear rigidity. The shear rigidity of a
delaminated beam is calculated using a static beam model.

It was seen that using this model, a 1-cm delamination reduces
the shear rigidity to over 1

100
of its original value for some layups.

Applied to the dynamic model, this reduction in shear rigidity pro-
duced reductions in frequency. This drop was seen to be larger if
the delaminationwas in a region of high shear force for a particular
mode and was also larger for modes with a higher order.

A two-stage damage location procedurewas developed.The � rst
stage was structural characterization, where the errors in the an-
alytical model of an undelaminated beam were minimized. This
used a gradient-basedoptimizationtechnique,which minimized the
difference between the frequencies and mode shapes produced by
the analyticalmodel and those obtained by experiment.The second
stage was to locate the delaminations,using either a gradient-based
optimization technique or a GA.

This methodologywas validatedbyexperiment.PTFE stripswere
inserted between the layers of carbon-� ber/epoxy beams, creating
known delaminations. Experimental results showed drops in fre-
quency of up to 15%.

With these experimental results, the delaminationswere success-
fully located by both the gradient-based method and the GA. It
was seen that the horizontal position of delaminations was iden-
ti� ed with more accuracy than either its size or its vertical po-
sition. In most cases, the GA located a better solution than the
gradient-based method, shown by a lower value in objective func-
tion. However, because of experimental inaccuracy, the global min-
imum sometimes corresponded to a different delamination loca-
tion when compared with the experimental beam. The ability of the
GA to locate a global minimum came at the expense of computer
ef� ciency.
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